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Abstract— This paper proposes a new approach to the
synthesis of low coefficient sensitivity digital filters using
Genetic Programming (GP). GP is applied to the synthesis problem by establishing a mapping between the Sexpressions and the filters. Genetic operators can then be
applied to change the connections between the elements
in the filters, and consequently to change the coefficient
sensitivities of those filters. Fitness measure that includes
the coefficient sensitivities enables the selection operator
to choose low sensitivity filters. A numerical example is
presented to illustrate that the sensitivity of the filter, synthesized by GP, is lower than that of the minimum coefficient sensitivity state-space realization.

sensitivity filters within only a set of limited filters, that is, it
is expected that there exist filters whose coefficient sensitivities are much lower than the low coefficient sensitivity filters
proposed so far.
In this paper, we present an evolutionary approach to the
synthesis of low coefficient sensitivity digital filters using Genetic Programming (GP). Section II outlines GP. Section III
outlines the synthesis of digital filters. Section IV describes
our implementation of GP for the synthesis of low coefficient
sensitivity digital filters. A numerical example and its result
are given in Section V. Section VI gives some concluding remarks.
II. G ENETIC P ROGRAMMING

I. I NTRODUCTION
Digital filters implemented either in software on a generalpurpose computer, or in special-purpose hardware, are always
realized by using binary words of finite length. The behavior of digital filters with coefficients represented by finite
wordlength may differ considerably from its initial design.
Hence, it is desired to search filters that are less sensitive to
the coefficient changes due to wordlength limitations, or what
is called low coefficient sensitivity digital filters.
Many synthesis methods have been proposed which lead to
low coefficient sensitivity digital filters. One of the effective
synthesis methods is the state-space approach. This approach
searches optimal state-space realizations that minimize the
output error variance due to arithmetic roundoff errors using
similarity transformation [1,2]. Although this method was developed for the synthesis of minimum roundoff digital filters,
it is also available for low coefficient sensitivity digital filters [3]. Another effective method is coefficient conversion,
which realizes low-sensitive filters by replacing each of the
multipliers by two multipliers in parallel [4].
The above methods synthesize low coefficient sensitivity
filters systematically. However, they search low coefficient

GP is a technique which evolves computer programs representing possible solutions to a problem [5]. GP starts with
a population of individual computer programs created randomly. Each individual in the population is executed and then
measured in terms of how well it performs in the population.
This measure is called the fitness. The fitness values are assigned to all the individuals in the population. They are used
as a basis for selection. Selection increases high-fitness individuals in the population and eliminates low-fitness individuals from the population. After selection, new individuals are
generated by applying genetic operations to the population.
Each program in the new population is then measured for fitness. The cycle of selection, genetic operations, and fitness
evaluation, is repeated until a predefined number of genera is reached. The program with the highest fitness in
tion
the final population is considered as the desired program, i.e.
the solution to the problem.
III. S YNTHESIS OF D IGITAL F ILTERS
The synthesis of a digital filter is the process of converting
the transfer function into a structure. The synthesis requires
some criteria for selecting the desired filter because digital
filters synthesized can differ quite significantly with respect

to complexity, number of elements, and their property.
 this paper, we use three criteria: the physical realizabilIn
ity 
, the realizability of a given transfer function  , and
the coefficient sensitivity  . The first criterion   is a criterion whether the filter has delay free loops or not. The second
criterion   is a criterion whether the order of the synthesized
filter is equal to the one obtained after approximation or not.
The third one is concerning the value of coefficient sensitivity
 defined as
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where
is the transfer function of the filter,
is a
multiplier coefficient, and 2 is the number of multipliers in
the filter.
IV. GP- BASED S YNTHESIS M ETHOD
There are three preparatory steps in applying GP to a problem. These three steps involve determining the representation
scheme, the fitness measure, and the method of genetic operations.
A. Representation
GP can be applied to the synthesis of digital filters if a
mapping between the filters and computer programs can be
established. For this reason, digital filters are represented as
S-expressions in this paper. The S-expression is the syntactic
form in Lisp programming language [6].
The S-expression of a digital filter in Fig. 1(a) is
(y (a2 (m1 (a1 (x)
(m2 (d1))))
(m3 (d1 (a1))))),
which is identified with the tree shown in Fig. 1(b). In this
tree, the terminal node 3 is the filter input; the root of the tree,
labeled 4 , is the filter output; the non-terminal nodes such as
576 598
6 represent the basic elements of the filter. The
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symbols , , and correspond to adders, multipliers, and
;
delays, respectively. The connections between the node 598
>
.
= and . 6 show that .?= and . 6 supply
and the two nodes
their output signals to the input of 598 .
In the terminal nodes, we place the filter input 3 and some
nodes selected from the set of non-terminal nodes like 5 6 and
6 in Fig. 1. The number of the nodes of each terminal is
;
equal to the value obtained by subtracting unity from the sum
of all output branches of the corresponding basic element; the
number of the terminal node 3 is equal to the number of the
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Fig. 1. Representation of a digital filter.

branches from the filter input 3 . For example, the element 5 6
.
in Fig. 1(a) has two output branches to 6 and to 6 , and thus
;
there is only one terminal node 5 6 in Fig. 1(b).
B. Fitness Measure
The fitness measure in this paper is the sum of the values
obtained by three criteria shown in Section III. The physical
is set to @ A if the filter does not have delay
realizability 
free loops, and if not, A . The realizability of a given transfer function  is set to BA if the order of the synthesized
filter is equal to the one obtained after approximation, and
if not, A . The criterion concerning the coefficient sensitivity
is set to -CEDGFIHJ in order to assign a high fitness value to
low sensitivity filters. The value  CEDGF is the maximum of
the coefficient sensitivity values of all the digital filters in the
population.
A calculation of the coefficient sensitivity in (1) requires
the multiplier coefficients in the filter. In this paper, all the
multiplier coefficients are regarded as unknown quantities.
Hence, we must obtain the multiplier coefficients by the following procedure: first, the transfer function in terms of the
unknown multiplier coefficients is obtained by applying the
Mason's theorem to the tree, and second, a comparison between the obtained transfer function and the desired transfer
function forms a set of simultaneous equations. The set of the
solutions to these equations gives the multiplier coefficients
in the filter.
C. Selection and Genetic Operations
Selection operation in this paper is a combination of two
selection strategies: elitist selection and tournament selection.
The elitist selection copies KL best individuals in the next
generation. The number KL is called the survival size. The
rest of individuals is selected by the tournament selection,
where a predefined number of individuals are selected randomly from the population, and a selective competition takes
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Fig. 3. Crossover between two filters at the structural level.
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Fig. 2. Crossover between two filters at the tree level.

TABLE 1
C ONTROL PARAMETERS FOR GP.

Population size
Survival size
Tournament size
Generations
Crossover rate
Mutation rate
Inversion rate
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place. This number is called the tournament size R<KL . Only
the highest-fitness individual in each tournament population
is allowed to copy in the next generation. The competition is
repeated until the sum of individuals selected by the elitist selection and by the tournament election reaches the population
M.
size
The genetic operators such as crossover, mutation and inversion are applied to the individuals selected by the tournament selection. They are applied to each tree with probabilZ
ities, SUT LVRVP (crossover rate), S\C K  (mutation rate), and S

(inversion rate), respectively.
Crossover creates new offspring by swapping sub-trees between the two parents. The sub-trees to be swapped are
chosen randomly. The trees resulting from the swap, however, cannot represent filters because they have some terminal nodes that are not members of the set of non-terminal
nodes. For this reason, all such terminal nodes are replaced
with nodes selected randomly from the set of non-terminal
nodes.
Fig. 2 shows a diagram of crossover. In Fig. 2(a), the nodes
5X6 and 5 = are randomly selected as the crossover point of the
left parent and the right parent respectively. Fig. 2(b) shows
the offspring trees resulting from the swap. These trees cannot represent the filters because the left offspring has the terminal nodes 8 's and 5X6 , and the right offspring has the ter;
minal node 6 . In Fig. 2(c), 8 's, 5 6 , and 6 are replaced with
.
;
; appear terminal
;
6 's, 8 , and 5X6 which do not
nodes in 2(b).
;
The filters shown in Figs. 3(a) and (b) correspond to the trees
shown in Figs. 2(a) and (c) respectively.
Mutation selects a node in an offspring tree randomly, and
then replaces the existing sub-tree at the node with a new randomly generated sub-tree. In this paper, the new randomly
generated sub-tree is composed of a set of the terminal and
non-terminal nodes of the sub-tree selected for the mutation.
Inversion selects two random nodes in an offspring tree and
then swaps the sub-trees at the selected nodes.
V. N UMERICAL E XAMPLE
To illustrate the performance of the synthesis method presented in this paper, we consider a second-order low-pass narrow bandwidth filter having the following transfer function:
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TABLE 2
C OEFFICIENT SENSITIVITY AND THE NUMBER OF MULTIPLIERS , TWO - INPUT ADDERS AND BRANCHES .

filter synthesized by GP
optimal state-space realization [7]
direct form II

sensitivity 
22.451
31.049
2393.883

-0.943061
x(n)

y(n)

z-1

0.041306

0.041306

z-1

-0.090520

multipliers
4
8
5

two-input adders
9
5
5

branches
20
19
16

we have developed for the implementation in this paper are
as follows: the representation of digital filters as programs
(S-expressions), the fitness measure including the coefficient
sensitivity, and the genetic operators changing the topology
of filters. The numerical example has illustrated that the coefficient sensitivity of the filter synthesized by GP is lower
than that of the minimum coefficient sensitivity state-space
realization. Moreover, the filter synthesized by GP requires
only the half of multipliers necessary for the state-space realizations.
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Fig. 4. Filter synthesized by GP.
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